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Abstract 

We prove that the extended Toda hierarchy of T admits nonabelian Lie 
algebra of infinitesimal symmetries isomorphic to the half of the Virasoro algebra. 
The generators L^, m > —1 of the Lie algebra act by linear differential operators 
onto the tau function of the hierarchy. We also prove that the tau function of a 
generic solution to the extended Toda hierarchy is annihilated by a combination 
of the Virasoro operators and the flows of the hierarchy. As an application we 
show that the validity of the Virasoro constraints for the CP^ Gromov-Witten 
invariants and their descendents implies that their generating function is the 
logarithm of a particular tau function of the extended Toda hierarchy. 

1 Introduction 

The extended Toda hierarchy was introduced in (SUl CSl Q] in an attempt to encode the 
recursion relations among the CP^ Gromov-Witten invariants into that of a hierarchy 
of integrable systems. As it was shown in jTj, this hierarchy can be represented in a 
Lax pair formalism through the Lax operator 

L = A + v{x) + e''^'^^A-\ (LI) 

The functions v, u serve as the dependent variables for the hierarchy with spatial vari- 
able X and A = e^^"" is the shift operator, e is a small parameter. We will also introduce 
a two-component vector 

w = {w^,w'^), := V, w"^ := u 
to use it in the formulae where many summations enter. 
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The flows of tlie liierarchy are defined via Lax representation 
dL 



[A^,,, L] := Ap^^L - LAfs^g, (3=1,2; q>0. (1.2) 



Here the operators A/^^g have the expression 

Cg = l + l + ... + l (1.4) 

with the positive part 5+ of a difference operator -B = X] -SfcA'^ given by 5+ = 
^^>Qi?fcA'^. The logarithm of the operator L is defined as follows p. Let us first 
introduce the dressing operators P and Q of the form 

p = ^PfcA-^ Q = j2<ik^', po = i (1.5) 

fc>0 A:>0 

such that 

L = PAP-^ = QA-^Q-\ (1.6) 

Then we define 

logL := i {Ped^p-' - Qed.Q-') . (1.7) 

The equations p.2|l for [3 = 2 coincide with the standard flows of the Toda hierarchy. 
In particular for q = one obtains the equations of Toda lattice 

dv _1 ^ uix+e) _ uix)\ _ ak+l^u 



k>0 ^ ' 



e 



du 



1 

- = - iv{x) - v{x - e)) = E(-l)'77:-W^^'^ (1-^ 



9^2-0 ' ' ' " Mfc + 1)! 

written in the interpolated form. To return to the original discrete setup of [26^ one is 
to introduce the lattice variables 

Un := nine), Vn := v{ne). 

The parameter e plays the role of the mesh of the lattice. Another part, for /3 = 1 is a 
new one. For q = one obtains just the spatial translations 

dv dv du du 

dt^ ^ di' dt^ ^d^' ^ ' ' 

The flow for {3 = 1 and g = 1 is less trivial: 

^ = vv., + - [e"(^+^) (S_m(x + e) - 2) - e"(^) {B.u{^ - e) - 2)] , 
du 1 

= - [v{x) {B.u{x) - 2) - v{x - e) {B-u{x - e) - 2) 

+B+v{x + e) - B+v{x - e)] (1.10) 
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where the operators B± are defined by 



k>0 



B- := (1 - A-Y'ed^ = Yl If (-^5^)'- (1-11) 



A;! 

fe>0 



Here Bj- are the BernouUi numbers. 



The fiows of the extended Toda hierarchy can be represented as Hamiltonian sys- 
tems 

S£ -{-"W- (1.12) 
with the Hamiltonian operators 

C/ii = C/22 = 0, C/^2 = ^(A-1), C/f = ^(1-A-^), (1.13) 



and the Hamiltonians 



Hf3,q = J hp^qdx, /3 = 1, 2; q>-l 



with the densities hp^g defined by 
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^ (g + 1)1 [^"^Hlog^ - Cq+i)] = res 
^''^ " ■^^2)!'''"^'^' " res A2,,+i. (1.14) 



By definition the residue of a difference operator 



is given by 

res A := cq. 

Note that 

hi^^i = B-u{x), h2-i = v{x) (1-15) 
are densities of Casimirs of the Poisson bracket, i.e. 

{.,//i,_i}i = {.,/72,-i}i = 0. 

Denote A the graded ring of formal power series of the form / = Xlfc>o fki'^t "^x-, ■ ■ ■)^^, 
where fk are polynomials oi v,u, e'^'^,v^'^\u^"^\ m > 1. The gradation is defined by 

degv^"^) = 1 - m, degu^""^ = -m, for m > 0, dege" = 2, dege = 1. (1.16) 
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As it was shown in P, all the Hamiltonian densities ()1.14|1 as well as the right hand 
sides of the flows of the extended Toda hierarchy are homogeneous elements of the ring 
A. 

Introduce functions O^a^p-p^q G ^ by 

1.. dK^p^i f ^res([A^,„LP(logL-Cp)]), a = 1, 

(^res[A,„L-+i], a = 2. ^'''^^ 

Existence of such functions and an important property of t- symmetry 

was established in These elements of the ring A are uniquely determined by the 
above formulae and by the homogeneity condition 

deg ^a,p;f3,q = P + Q + I + fJ^a + 1^(3- 

Here 

1 1 

In this paper we will consider the solutions to the extended Toda hierarchy in the 
class of formal series in e 



w;"(x,t;e) = ^e'=<(x,t), a = 1, 2, (1.18) 

fc>0 

As it follows from the definition ()1.3|) . 

^1,0 = 

modulo terms commuting with L. So 

d d 



i.e., the solution depends on x, only via the combination x + t^'^. We will therefore 
often suppress the explicit dependence on x in the formulae. 

Definition(pP) For any solution v{x,t;e), u{x,t]e) of the extended Toda hierarchy 
there exists a function 

such that the functions fia,p;/3,q evaluated on this solution can be represented in the 
form 

Q e'^^^^ (1.19) 
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for any a, P = 1,2, p,q > 0. It is called the tau function of the solution ()1.18|1 of the 
extended Toda hierarchy. 

In particular, we have 

d\ogT 



„,p = e(A-l)^^^, a = l,2,p>-l (1.20) 



5^2,0 5^2,0 « r(x,t;e) 



.In, , t(x + e,t]e)T(x — e,t:e) 
M = (A - 1)(1 - A-i) logr = log ^ ;/ I ^ • (1-21) 

Another important property of this hierarchy is that, apart from its Hamiltonian 
structure described above, it also possesses a second Hamiltonian structure which is 
compatible with the first one (see (j4.15p below). The bihamilonian structure and the 
tau symmetry property of the extended Toda hierarchy imply, due to a general theorem 
of in], quasi-triviality of the extended Toda hierarchy. The precise formulation of the 
quasitriviality property in the case of interest is given by the following theorem: 

Theorem 1.1 ([9J) Any solution v,u of the extended Toda hierarchy is obtained from 
a solution Vq,Uq of the dispersionless extended Toda hierarchy through the quasi-Miura 
transformation of the form 

and the corresponding tau function of the solution admits the following genus expansion 
logr = logrM + ^''-'F,{w„ wf'-'^). (1.23) 

Here r'^^ = T^^\x,t) is the tau function for the solution vq,uq of the dispersionless 
extended Toda hierarchy, i.e., it is related to the leading term of the solution M.l^) 

Wo = {vo, Uo) 



via 



Voix,t) 



Q2 iog^[o](a;^t) 



aMogrM(a:,t) 
Mx^) = ■ (1-24) 
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Recall that the dispersionless extended Toda hierarchy is obtained from the ex- 
tended Toda hierarchy by setting e = 0. All the flows of the dispersionless extended 
Toda hierarchy are systems of hydrodynamic type, i.e. systems of two first order quasi- 
linear PDEs. For /? = 1, g = the dispersionless flow still coincides with the spatial 
translations ()1.9p . For (3 = 2, q = one obtains 

dv d ,^ 

e 



dt^'O dx 
du dv 



dt^''^ dx 

Eliminating v yields the so-called long wave limit of the Toda lattice equations 
where t = t^'^ . The dispersionless limit of fll.lO|) reads 



dv d 



dt^'^ dx 
du d 



\v' + {u- l)e" 



dt^'^ dx 



[UVj 



Changing the sign of time t = — t^'^ one identifies these with the equations of motion 
of one- dimensional polytropic gas with the speed v and density u and the equation of 
state of the form p = {u^ — 2u + 2)e" — 2. 

It is time to remind to the reader that the theory of dispersionless (extended) 
Toda hierarchy can be nicely encoded |3] in terms of a particular two-dimensional 
Frobenius manifold Mxoda- The latter can be identified with the quantum cohomology 
of complex projective line 

M^,^^ = QH*iCP'). 

Alternatively, the Frobenius manifold in question is isomorphic to the orbit space of 
the simplest extended affine Weyl group 

Denote v, u the coordinates on Mxoda- The potential of the Frobenius manifold reads 

F = ^v\ + e''. (1.25) 

The third derivatives of the potential define multiplication law of tangent vectors at 
each point of M such that d/dv is the unity and 

d d _ ^ d 
du du dv 

The fiat metric on M reads 

< , >=2dudv. (1.26) 
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The Euler vector field is 

E-v— 2— 
dv du 

We will not remind here the universal construction, due to of a "dispersionless" 
integrable hierarchy valid for an arbitrary Frobenius manifold M. The hierarchy can 
be considered as an infinite family of pairwise commuting flows on the loop space 
£,{M). All these flows are represented by first order quasilinear PDEs; for this reason 
this hierarchy is called dispersionless. The word "hierarchy" means that the systems 
of integrable PDEs are organized by means of the action of a bihamiltonian recursion 
operator. 

In we addressed the problem of extending the correspondence 

Frobenius manifolds hierarchies of integrable PDEs 

to an arbitrary Frobenius manifold. We proved that, indeed such a universal corre- 
spondence exists for an arbitrary semisimple M provided a suitable completion of the 
loop space C{M) is made allowing to work with infinite order PDEs. By definition 
semisimplicity of a Frobenius manifold means that, for a generic point w G M the 
algebra on T^M is semisimple. We leave as an exercise to the reader to verify that 
^Toda is a semisimple Frobenius manifold. So, according to the main result of [HI, there 
exists an integrable hierarchy associated with the Frobenius manifold Mxoda- The main 
aim of the present paper is to identify this integrable hierarchy with the extended Toda 
hierarchy ()1.2|) . 

The crucial role in such identification, apart from the Lax representation and tau 
structure obtained in pp, play Virasoro symmetries. According to our paper |S] for 
an arbitrary Frobenius manifold there exists a universal construction of second order 
linear differential operators 

d 

Lm = L„(e"H,e— ), m > -1 
at 

satisfying the Virasoro commutation relations 

[L„Lj] = {t-j)Li+„ t,3>-l. (1.27) 
For Mpoda these Virasoro operators are given by the following explicit expressions (cf. 

fc>l 

k>l ^ ^ k>l 

fc ^tv.yifL f^J- g^2,k-ia^2,k~m~^l ^ (J^ _ l)\ ^^l,m+fc 

k=l k>l ^ ' ^ 
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where 

(m + k)\ 1 

Again, we will not reproduce here the universal construction of the Virasoro operators; 
however, we will give below the free field realization of these operator for the Mroda 
case obtained in our paper p. 

It is the Virasoro invariance property of a hierarchy of integrable PDEs that allows 
to reconstruct it uniquely starting from a given semisimple Frobenius manifold, along 
with bihamiltonian structure and existence of a tau function. That means that, the 
linear action of the Virasoro operators onto tau functions define symmetries of the 
hierarchy^ . 

The central result of this paper is the following 

Main Theorem 1. The transformations 

T^T + 5L„,T, 5^0 (1.29) 

for anym > —1 are infinitesimal symmetries of the extended Toda hierarchy, i.e., given 
a tau function r = r(t; e) of a solution f (t; e), u{t;e) of the form il.l^) . the functions 

v{t; e) = v{t; e) + e5(A - 1)^^ + 0{5') 

u{t- e) = u{t- e) + 5(A - 1)(1 - X'^)^ + 0(5') 

r 

satisfy equations of the extended Toda hierarchy modulo terms of order 0{5^). 

2. For a generic solution il.l^) of the extended Toda hierarchy, the corresponding tau 
function satisfies the Virasoro constraints 

L^(e-i(t-c(e)),e^)r = 0, m > -1 (1.30) 

for some c(e). Here c(e) = (c"'^(e)) is a collection of formal power series in e. 

We will describe the class of generic solutions in Section 4. Note that in the above 
formulae we omit writing explicitly the x-dependence since x enters only through the 
combination x + 

The above two theorems and the uniqueness result of [H] imply 

Corollary 1.2 The hierarchy of PDEs associated, according to J^, with the Frobenius 
manifold Mxoda coincides with ( ti.^) . 

^In [S] we called this property linearization of the Virasoro symmetries. The reason for this name 
was the following one. The dispersionless hierarchy on £{M) constructed in [3] is always invariant 
with respect to an action of half of the Virasoro algebra W. However, the generators of the Virasoro 
action do not act linearly onto dispersionless tau function T[°l(t). The full hierarchy constructed in 
13 is a deformation of the dispersionless one that transforms the nonlinear action of the Virasoro 
symmetries to the linear one. 
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According to the functions Fg = Fg{wQ] . . . ,Wq ) in the genus expansion 
p.23p are uniquely determined by the loop equation that was introduced in P for any 
semisimple Frobenius manifold. For MToda the loop equation will be discussed in the 
Section 5. It will also be explained how one can compute Gromov - Witten invariants 
of CP^ and their descendents of any genus using the loop equation. 

Due to the uniqueness of solution of the loop equation and the vahdity of the 
Virasoro constraints for CP^ Gromov- Witten invariants (201, have the following 

Corollary 1.3 The generating function of the CP^ Gromov-Witten invariants and 
their descendents is uniquely determined by the system of Virasoro constraints. It 
coincides with the logarithm of the tau function of a particular solution of the extended 
Toda hierarchy. 

This particular solution for the CP^ Gromov-Witten invariants will be described 
in Section 5. 

Summarizing, we can say that, in the theory of Gromov - Witten invariants of CP^ 
and their descendents the extended Toda hierarchy plays the role similar to one 
played by the KdV hierarchy in the Kontsevich - Witten formulation [2H1 1^ 121] of 
the intersection theory on the Deligne - Mumford moduli spaces of stable punctured 
curves. 
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istry of Education research grant Cofin2001 "Geometry of Integrable Systems" . The 
researches of Y.Z. were partially supported by the Chinese National Science Fund for 
Distinguished Young Scholars grant No. 10025101 and the Special Funds of Chinese 
Major Basic Research Project "Nonlinear Sciences". Y.Z. thanks Abdus Salam Inter- 
national Centre for Theoretical Physics and SISSA where part of the work was done 
for the hospitality. 



2 Some formulae for the functions ^a,p](3,q 

We present in this section some important identities for the functions ^a,p;i3,q defined 
in p.l7|) and for the Hamiltonians Ha,p- 

Let us first recall the definitions of jl] of the logarithmic x-derivatives of the dressing 
operators P and Q. Let us look for these logarithmic derivatives in the form 

eP.P-' = Y.b^A-' 
i>i 

eQ.Q-' = Y,c,A'. (2.1) 

i>o 
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Lemma 2.1 There exist unique elements bj, cj G A homogeneous of the degrees 

deg bj = j, deg Cj = -j 
such that the operators \2.1\] satisfy the following system of equations 

res {[tP.P-\ L™] - td.,L^) = res {[tQ.,Q-\ L™] - td.,L^) =0, m > 1. 

Proof see in pp. For example, 

6i = -B+v, Co = B_u, ci = e-"(^+^)i3„t;. 



Lemma 2.2 T/ie following identities hold true 

/3,g-l + (5a,l5/3,2 + 5a,25/3,l)5p,o5g,0; 



dv 

\m>0 / 



Here the numbers fj,a and a 2 x 2 matrix R = {Rp) are defined by 

/^i = -/^2 = Rl = 26^6 

Proof Let us consider the difference operators 

B ■■= ^Ped.P-' = -J2^A-^ 
ov ^-^ ov 

i>i 

C := ^Qed^Q-' = -J2 I^A^- 
ov ^-^ ov 

j>0 

The coefficients bj G A, Cj G A were defined in ()2.H) . We want to show that 

LB = 1, LC = -1. 
Indeed, differentiating the identity 

[Ped,p-\L]=0 

with respect to v we derive that the operators B and L commute. Therefore 

[B - L~\ L""] = 0, m>l. 
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Since bi = —B^v, 



dv 



-1. 



So the expansion of the difference operator B — L ^ begins with A ^. From the equa- 
tions 

res[5 - V^] = for any m > 1 
we prove that the coefficient of of the operator B — L^^ is a constant. Since 



deg^ 

ov 



J-1, 



the degree of this coefficient, as an element of A, is equal to 1. So, the coefficient must 
be equal to zero. Continuing this process we prove that 

B = L-^ = + 0(A-2). 

In a similar way we can prove that 

C = -L-^ = -e""(^+^)A + 0(A2). 

Now, using the definition p.7|) of log L we obtain 

|logL = i(B-C) = L-'. 



Therefore 



^^aiogL ^ 

dv 



(2.6) 



From the last equation it readily follows that 



d_ 

dv 
d_ 

dv 



pi 



-LP{\ogL-Cp 



ip-iy 



L^-\\ogL-Cp.,), 



TP+l 



_{p + l)\' J pi 

These two equations yield, together with 

h-i = (1 - A'^y^ed^u, h2-i = v 

and the definition p.l7|l . the formula ()2.2|1 . 

To prove the second formula of the Lemma, let us introduce the operators 7i and 
S that act on the space of difference operators of the form ^ fefcA'^ with coefficients in 
A as follows: 



(m) 



db, 



\m>0 



(9f(™) du 



2?^ 1 A^ 



(2.7) 
(2.8) 
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It is easy to see that these operators satisfy the Leibnitz rule 

v[(J2<^kA')(J2^iA')] = {vJ2^kA')j2^iA' + J2akA'{vJ2biA')). (2.9) 
Here V = Ti or V = S. By our definition it follows that 

{n + S)L = L. (2.10) 

Due to Lemma [2.11 

{n + £)\ogL = l. (2.11) 
Now by using ()2.1()|1 and ()2.11|1 we obtain 

V - l)^^2,p;M = J^^^ ^res L^+i] 



= res [^^1,. + 2^2,.-!' ^^^'] + ^ res [^1..' ^^^^] 

= (p + g + 1)1(A _ l)^]2,p;l,, + 2 ^(A - l)1^2,p;2,,-l. (2.12) 

So, from the homogeneity condition for Qa,p;i3,q we arrive at 

£^2,p;l,g = {p + q + l)^2,p;l,g + 2i72,p;2,g-l • 

Other cases of the formula ()2.3p can be proved in a similar way. The Lemma is proved. 
□ 

Lemma 2.3 The variational derivatives of the Hamiltonians Hp^q are given by the 
following formulae 



Proof From the Hamiltonian representation ()1.12j) of the extended Toda hierarchy we 
^ = i(A-l)^, ^ = -(l-A-^)^. (2.15) 



On the other hand, the formulae ()1.20p and ()1.21|) imply that 

f/i) 1 (It I 1 

- (A - 1) fi2,o;/3,., 7^ = - (1 - A-^) v.- (2.16) 



So, due to the homogeneity property of the densities of the Hamiltonians we arrive at 
the expressions (j2.13p and (j2.14j) . The Lemma is proved. □ 
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3 Virasoro operators for the Frobenius manifold 

^Toda 



Recall that, according to the general algorithm of Pj the Virasoro operators associated 
with a given Frobenius manifold are obtained by the following free field realization^ 
that we now present for the example of MToda- Let ai^p, a2,p, p G Z be free bosonic 
operators satisfying the following commutation relation^ 

[ai^p,a2,q] = {-lySp+g+ifi. (3.1) 

Introduce vectors of operators 

ap := (ai,p,a2,p), p e Z. (3.2) 
Consider the generating function 



zP-2 

p£Z per 



1 



f (.) := J: a,.-"." = 5: a, ( ^ J^. ) . (3,3) 




Here the diagonal matrix /i and nilpotent matrix R correspond to the spectrum at the 
origin of the Frobenius manifold Mxoda 

-"=1 I ' ^ = ( 2 o)- ^2-^) 

The current (p^'^^X) for any non-integer u is defined by a (suitably defined) Laplace-type 
transform 

Jo 

ap ( r(p-z/) 

\p 

The generating function of the regularized Virasoro operators L^m is defined by the 
following quadratic combination of the derivatives of the currents 

^ ' \m.+2 



2^ XP-\l[T'{p-u + l)-\og\T{p-u + l)] \T{p-u + l))- ^''■''^ 



\ : 9.0(-^)G(z.) : +^tr (\ - 



■ ^pMpgiiy, A) aj^ :, where (; 

Mpgiu, A) 



Xp+g+3 

|f^r(p + z/ + l)r(g-z/ + 2) 



■^^T{q-v + l)T{p+v + 2) \d^[^T{p + v + 2)T{q-v + 2 



^In IS] we used a different free field realization of the Virasoro operators inspired by |1U|. 
^Note cfiange of notations: in ^ we used lialf integer labels. 
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In this formula the Gram matrix G{h') reads 



^TT i R TT i{ii+u) 



+ e 



1 



2lT " " TT 

7] is the Gram matrix of the metric ()1.26|) . i.e., in our case 

-1 



sin vrz/ 

sinnu 27rcos7rz/ 



(3.7) 



rj = T] 



1 

1 



the term with the trace in ()3.6|) does not contribute since = \. The normal ordering 
in ()3.6|) is defined in such a way that all the operators ai.p and a2,p with nonnegative 
p are to be written on the right. So 



p+q=m—2 

Esin Tcu 

p+q=m—l 



sm vrz/ 



TT 



r(p + z/ + 2)r(g-z/ + 2) 



27r 



[T{p + U + l)V{q -u + 2)-T{p-u + l)T{q + z/ + 2)] . 



Using the standard identities of the theory of gamma-functions 

T{x + l) = xTix), r(a;)r(l - a;) = 

sin vrx 

we finally obtain the following expression for the regularized Virasoro operators 

r(z/ — p + m + 1) r(— z/ — p + m + 1) 



r(z/-p) 

T{m — V — p) 



The operators 



r(-z/ -p) 

1 ( — Z/ — p — 1) J 



{3.1 



and 



p p 

do not depend on u. The operators ()3.8|) with m > depend polynomially on u; those 
with m < — 1 depend rationally on u. Therefore there exist limits 

L^:=limL(^), m > -1. 

To arrive at the Virasoro operators given above in the Introduction one is to use 
the following realization of the bosonic operators a^^p 

"a^p — • (3-9) 




Here we use the matrix rj for lowering the indices 

In the next Section we will prove that the linear action of the Virasoro operators 
Lm with m > — 1 defines infinitesimal symmetries of the extended Toda hierarchy. 



4 Proof of the main theorem 

We first consider the following system of Euler-Lagrange equations: 

6v{x) 
6u{x 



p>0 

ye^p^-^^ = o (4.1) 

p>0 



where 

l^.v = _ c"'P(e) + S'^Sp^^ X (4.2) 

for some formal power series c"'^(e). We assume that only finitely many of them are 
nonzero. The series must satisfy the condition of genericity that we shall now formulate. 

Let us expand the Hamiltonian densities ()1.14|) in powers of e 

ha,p = da,p+iiv, u) + 0(e). (4.3) 

The explicit formulae for the functions 9a,p{v,u) can be found in p. Let us impose 
the following assumptions for the leading terms of the series c"'^(e). 

1. There exist values v, u such that 



p>0 

4- ^ ' du 



= 

v=v,u=u 



v=v,u=u 



(4.4) 



and 

2. The operator of multiplication by the vector 



V^c"'P(O)0,,,_i(t;,tz) (4.5) 
p>i 

is invertible element of the Frobenius algebra T^j^^MToda- 

Under these assumptions the following Lemma holds true (cf. P]). 
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Lemma 4.1 There exists a unique solution to the Euler - Lagrange equations \4-l\} in 
the class of formal series 



V = v{x, t, e) = ao(e) + ^ aa,,p,-..-ak,Pk ie)t"''^' . . . |ti,o^ti,o+^ 

fc>0 

t,e) = 60(e) + $^6.„p,,.,.„p,(e)t"^'^^ . . .r-PMtM^ii.o+. (4.6) 



fc>0 

u = u[x, ' ] \[ ] 

k>Q 

where 

ao(0) = V, 60(0) = u. (4.7) 

Proof In the leading order in e the Euler - Lagrange equations ()4.1|) become just 
equations for the critical points of the function 

_ c"'P(0) + x6'^6P,)e^,piv, u). 

The above two assumptions imply that there exists a unique critical point 

vo = Vo{x,t,e), Uo = Uo{x,t,e) 

of the function 

^(t--p_c"'f(e)+a;«)^„,p(t;,M) 

p>0 

in the class of formal power series of the structure similar to ()4.(i|l with 

wo(0,0,0) = -y, Mo(0,O,0) = M. 

It is easy to see that these functions can be uniquely extended to a solution to the full 
Euler - Lagrange equations ()4.1|) . The Lemma is proved. □ 



Lemma 4.2 The space of solutions of the Euler- Lagrange equation \4-l^ is invariant 
with respect to the flows of the extended Toda hierarchy. 

Proof Let us represent the difference operators Aj^^q defined in fll.3p by 

Ap,q = J2 «/3,.;fcA^ /? = 1, 2, g > 0. (4.8) 

fc>0 

Then from the definition of the Hamiltonians H/^ g we obtain 

The Lax pair representation ()1.2|1 of the extended Toda hierarchy yields 

[af3,q;o{x) - af3^q.o{x - e)] e^'^'^^. 
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These equations together with ()4.8|1 imply 
d (5H^\ d f 5H, 



a,A7 = l,2; p,g>0. (4.10) 



So, under the flows of the extended Toda hierarchy we have 

(4.11) 

Here and below we use the following notations for the x-derivatives of the functions u 
and V 

Am f 



So 



l,m (m) 2,m, (m) 



By using ()4.12|) that we will prove in the Lemma f4.4l below we know that the r.h.s. of 
(j4.1H) can be rewritten as 



which equals zero due to ()4.9|) . ()2.6|) and the identity ^ = 1. The Lemma is proved. 
□ 

Due to the uniqueness of solutions of the initial value problem for the Euler- 
Lagrange equation ()4.H) and the above theorem, we have 

Theorem 4.3 Any solution of the equation \4.1}^ gives a solution to the extended Toda 
hierarchy. 

Using quasitriviality it can be shown that the class of solutions of the extended 
Toda hierarchy that is given by the above theorem form a dense subset of the class of 
its analytic solutions i(7°(x,t,e), a = 1,2 (see [HI). We call this class of solutions the 
generic class of solutions of the extended Toda hierarchy, and we will restrict ourselves 
to it henceforth. 

Lemma 4.4 Any solution {v,u) of the Euler- Lagrange equation satisfies the 

equations 

p>i 



p>i 



17 



q>l >- 

E 

9>1 



q I f 
g ( 



9f 



+ t 



+2,9-1 



9f 



du 



5^ 



2t 



5t2,g~l 

du 



+ v = Q 



0. 



(4.13) 



Proof The equation ()4.12j) is the result of the apphcation of the operators and 
i(A — 1) on the Euler-Lagrange equation (j4.ip . To prove the equation (j4.13j) . we need 
to use the following bihamiltonian recursion relation of the extended Toda hierarchy 

m 

(4.14) 



Here the first Hamiltonian structure f/f^ is defined in ()1.13|) and the second one is 
given by 



Tj21 



e ^ 



g«(a;)g-<:9:c^ 



rrl2 
^2 



(1 



rj22 
'^2 



-t;(x) (e^^- - 1) 
e ^ ^ 



(4.15) 



The matrices R and /i are defined by ()2.4j) (see also ()3.4j) ). Then the equation ()4.13j) 
is obtained by applying the operator f/^'*^ to both sides of the Euler-Lagrange equation 
()4.H1 and by using the bihamiltonian recursion relation ()4.14j) . The Lemma is proved. 
□ 



Let V, u be any solution of the Euler-Lagrange equation ()4.ip specified by a choice 
of the series c°''^{e) and of the leading term v, u in ()4.4|) . Due to Theorem 11.11 and 
theorem 14.31 this solution can be obtained from a solution Vq^Uq of the dispersionless 
Toda hierarchy. Denote by and r the corresponding tau functions with the relation 



logr = e-^ logrra+ 5^62^-2^,(^0, 

9>1 



(39-2) 



(4.16) 



Note that the genus zero tau function r[0] is defined up to multiplication by a function 



of the form '^^c}.pt°"^ with constants c^a,p- We now fix this ambiguity by taking 



logr^' 



2 ^ 



'a,p ,p,q 



(4.17) 



where 

^a]p;f3,q= ^'^,P;f^,q\e=0- (4-18) 

The validity of this definition for the tau function of the solution vq, Uq of the disper- 
sionless extended Toda hierarchy is based on the fact that Vq, Uq satisfy the genus zero 
Euler-Lagrange equation 



^^LVi(^o.^o) 

dvn 



0. 



duo 



(4.19) 



18 



with ha]p_i = ha,p-i\^^Q- From this equation it readily follows that 



[0] aMogrl^l 

and that the genus zero tau function satisfies the string equation 

yr^^^^^ + f''P'' = 0. (4.21) 
p>\ 

The proof of the above statement can be found in It was proved in jS] that such 
a tau function also satisfies the genus zero Virasoro constraints given by the Virasoro 
operators ()1.28|1 . The action of these operators on tau functions of the form ()4.16|1 can 
be expressed as 

L^(e-it, e^)r = ( V e^^-^Z, ) r, m > -1. (4.22) 



\9>0 



The genus zero Virasoro constraints are given by = 0. We are to prove below 
that the tau function of a generic solution to the extended Toda hierarchy satisfies the 
full genera Virasoro constraints = 0, > 0. Let us begin with the L_i and Lq 
constraints. 

Lemma 4.5 The tau function . i 6| ) satisfies the constraints 

L.,{e-\ e^)r = 0. Lo(e-^t, e^)r = Co(e) = J] e^^'^c? (4.23) 

with certain constant co(e). 

Proof Let us apply the operator g^^^tg^p.i to the l.h.s. of the first equation of ()4.23|) . 
Using the definition p.l9|) for the tau function and the equation ()4.12p we get 



e 



\p>l 



^a,k-l;p,l + ^a,k;p,l-l + ^"'^ dt" ^~^ i^<r,lSp,2 + '^o-,2<^p,l) ^kfi^lfi 

p>l 

n^,k-l;p,l + ^a,k;p,l-l + ^^"'^^"^^^ ( Q^Z-i ) ^ ^^^'^^P^^ + ^^'^^P^) ^^fiSlfi 

p>l ^ ^ 

^a,k-l;p,l + ^a,k;p,l-l q^' + {Sa,lSp,2 + '^o-,2'^p,l) '^fe.O'^i.O 

0. (4.24) 
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Here the last equality is due to ()2.2|1 . On the other hand, the Euler-Lagrange equation 
()4.H1 implies that the l.h.s. of the first formula of ()4.23j) does not depend on and 
P'", so there exist constants c^l\, Ca}p, a = 1, 2, p > 0, g > 1 such that 

E^""^ + ^^"°^"'°= E (4-25) 

P>i ^ P>i,g>i 9>i 

Here the vanishing of the term in the r.h.s. of the above identity is due to ()4.21|) . 
Thus if we modify the tau function by 



r r = r 



.Ep>o,s>i^^'li"'\ (4.26) 

then we obtain 



L-iie^'t, e^) f = c_i(e) f = (J^ e^^'^ cLI )f . (4.27) 



9>1 

We will prove the vanishing of the constants Ca]p, c_i(e) in a moment. 

By using the formula (j2.3|) and a similar argument as that given in the proof of 
(j4.24j) . we can prove the validity of the following identity 

0. (4.28) 



Here 

d 

Lo = Lo{e~H,e—). 
So there exist constants co(e) and &a,p(e) such that 

^ = $^Vp(er'' + Co(6). (4.29) 

a,p 

By using the commutation relation [L_i,Lo] = —L^i we obtain 

L-i [(5^&a,p(e)^^ + Co(e)) f] - Lq (c_i(e) f) = -c_i(e)f. (4.30) 
The l.h.s. of the above equality reads 

f + (^6„,pt°'P + co(e))L_if-c_i(e)Lor = (j^fe^.p^i^'M f. 

\p>i / \p>i / 

(4.31) 

So from ()4.30p it follows that 

J2 Kp-ii""'' ) ^ = -c-i (e) f, (4.32) 
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from which we obtain c_i(e) = &a,p(e) = 0. 



Now we proceed to proving the vanishing of the constants Ca,p. From the above 
argument we aheady have the identity 



dt' 



V [si j-a,p 



At the genus one level we have 



,dFi(w,w^ 



P>1 P>1 



0. 



0. 



(4.33) 



Starting from this formula till the end of the proof of the Lemma we will redenote for 
the sake of brevity the arguments wq = {vo,uo) and wqx = (yVox,uox) of the function 
Fi{wo,wox) hj w = {v,u) and = {vx,Ux). 

Since r'^^ satisfies the genus zero Virasoro constraints, we can use the vanishing of 
the genus zero Virasoro symmetries to obtain, as we did in the following formula 

dFi{w,Wx) dFi 



E 

p>i 



dv 



(4.34) 



Thus the identity ()4.33|) can be rewritten as 



p>i 



_ dFi 



(4.35) 



By applying the operator X]p>o'^^a^ above identity we get 

■^2 



p>l p>0 



d Fi ^ / dOg^p^i 
dvdw'^ ^ \ dwy 

d'F, 



dvdwx ^ \ dw. 



P+i 



dOJz) 



(4.36) 



Here the functions Oa,p = 9a,p{w), Ca/s-y = CafB-yiw) are given by 



p>0 



^3 



,1 



(4.37) 



and the raise of indices in Ca/s^ is done by the metric ()1.26|) . i.e. t]^^ = rf"^ = 0,7]^"^ = 
rf^ = 1. In the above computation we used the horizontality of the differentials of the 
functions 6a{w; z) w.r.t. the deformed flat connection on Mpoda, i-e. the equations 
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So from ()4.36|) we get 



p Q2 p 

dvdw^ p dvdwZ " ^' ' 

(Sj Cp.<) = i'!o- (4.39) 

and together with ()4.36|1 these formulae in turn yield 

E4V = 4V'^-(^) (4-40) 

By differentiating both sides of the above equation w.r.t. x we get 

= ctVj.<5%(^) (4.41) 

which implies 

So from ()4.4()j) we obtain 

cW=0, p>l. 
In a completely similar way we can prove that 

= 0, p > 0, (7 > 2. 

The Lemma is proved. □ 

The following Lemma represents the bihamiltonian recursion relation for the ex- 
tended Toda hierarchy in terms of its tau functions: 

Lemma 4.6 The following recursion relations hold true for any q > 1 for the tau 
functions of generic solutions to the extended Toda hierarchy: 

g (A - 1) ^ = 7^|^ - 2 (A - 1) 1^ (4.42) 
+ (4.43) 

where the operator TZ is defined by 

7^ = ^;(x)(A-l) + 6(A + l)^. (4.44) 

Proof Denote 

W,„ - (, + + 1 )(A - 1)^ - (A - (4,45) 
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We are to prove that VT/j.g = for /3 = 1, 2, q > 1. From Lemma 12.31 and from the 
bihamiltonian recursion relation ()4.14j) with a = 2 we obtain by a direct calculation 
that 

(A-l)l^^,, = 0. (4.46) 

We note that W/^^g can be expressed as homogeneous differential polynomials in w*'"*, 
e^",i = l,2,m > of degree g + | + f^p- Recall that the degree of such differential 
polynomials is defined in So the Lemma follows from the above equation (j4.46|) . 

The Lemma is proved. □ 



Proof of the Main Theorem Let us first prove that the following recursion relation 
holds true: 



n- 



T T 



(4.47) 



Here and below 



From the definition of the operator TZ we have 

m-l ^2. 



/I 

nJ^kKm- ky. i- 

k=l 



9V 



m—1 



^fc!(m- A;)! 

k=l 

d log r d log r 



d ^ d log r 
-7^- ^ 



fe-i 



7^ 



m—l—k 



Qf2,k-1 Qj-2,m-l-k 

m > —1. 



7^ 



91ogr 



A 



dlogT 

Q-f-2,m-l-k 



So by using the recursion relations ()4.42|) . ()4.43|) we can deduce the relation ()4.47|) for 
m > 1 as follows: 



n 



^ = t\k - 1) y k\im + l-k)\- 

T T 

k=l 



Q^2,k-1 Q^2,m-k 



d"^ log T 

Q^2,m-lQ^2fi 



ml 



e(A-l 



dlogT 



e(A + l) 



9 log T 



+2i 



5i2,„.+. +e(m + l)!(A + l 
+2 ^(m + A; + l)a„(A;)P'^(A - 1) 



gf^l,m+k+l 

dlog T 
dlogT 



Q-f^2,m+k 



k>0 



dlogT 



+2eaU0)vA^^^ + 2e'«„(0)A 



Q-lp,,m+k 

log T 

Ql2,m-\Ql2,Q 



L^+iT 2 UK IX <92logr 
(A — 1) em! (A — 1 



Q^2,m-lQ^2fl 
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— m! 



e(A- 1 



dlogr 



e(A + i: 



d\ogT 



m— 1 



+ 1)!(A + 1)^ - 2e(m + 1)!A^ 



+2ea„ t;A— ^ + 2e«™ A— ^— 



(A — 1) h em! 7c- 



(A-1 



r 

^ Lrn+lT 
T 



m—1 



;(m + 1)!(A- 1) 



dlogr 



It can be easily checked that the recursion relation ()4.47|) is also true for m 
From ()4.23|) and the recursion relation ()4.47p we know that 



0. 



(4.48) 
-1,0. 

(4.49) 



Since the function satisfies the genus zero Virasoro constraints, it follows from 
that 



Lit 



5^e2^^-2p^,(w;o,w[„...,< 



("^9)^ 



(4.50) 



9>1 



E 

9>1 



.23-2 [<?] 



(4.51) 



Thus from ()4.49p we arrive at the formula 

Lit 

= ci(e) -- 

T 

for some constants c'f^. 

On the other hand, by using the the commutation relation ()1.27|) and the equations 
we obtain 



L_i (L^r) = -(m + l)Lm-iT, Lq (LmT) = (co(e) - m)LmT. 
These formulae can be rewritten as 



L-i 



T 



- m + 1 



7 -^0 



L. 



LmT 



T 



-m 



LmT 



T 



(4.52) 



(4.53) 



Here L_i = L„i — t^'*^ and Lq = Lq — {t^'^Y- By putting m = 1 into the above 
two relations we get 



L-i 



Lit 



-2co(e), Lq 



Lit 



Lit 



(4.54) 



So from ()4.51|) we have co(e) = ci(e) = 0, and we proved the vanishing of Lqt and Lit. 
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By using the recursion relation ()4.47|1 with m = 1 we obtain 



(A-l)(:^) =0. (4.55) 



r 

Due to the same reason as the one we used to derive ()4.5H) we have 



C2le 



J2e''-'c^^ (4.56) 



r 

for some constants cl^^ So by using the second formula in ()4.53p we get L2T = 0. 
Now, the Virasoro commutation relation p.27|) implies the validity of all the Virasoro 
constraints 

Lm{e~H,e—)T = 0, m > -1. 

It remains to prove that linear action of the Virasoro operators p.28|) defines in- 
finitesimal symmetries of the extended Toda hierarchy. To this end we observe that 

LUe-\t - c(e)), 6^) = LUe-\ e^) - a^'^^ - b^J^'^ - c 

where a"'^, ba,p and c are some series in e that may also depend on m. Note that 
the a series contains only nonnegative powers of e. From the already proven Virasoro 
constraints it follows that, for any generic solution to the extended Toda hierarchy the 
action of the Virasoro operators on the tau function can be recast as 

LUe-\ e^)r = (a"'^^ + + c)r. 

So, for a small parameter S 

T + 6 L^{e'\ e|-)r = e'^'--'"'' +')e' '''''' e^r + 0{5^). (4.57) 



The operator 



is nothing but the shift along trajectories of the hierarchy. Note that such a shift leaves 
invariant the class of generic solutions. Multiplication by the exponential of a linear 
function in the times for obvious reasons maps a tau function to another one for the 
same solution to the hierarchy. This proves that ()4.57p is again a tau function of some 
solution of the extended Toda hierarchy. The Theorem is proved. □ 



5 The topological solution of the extended Toda 
hierarchy 

Let us briefly recall the definition of Gromov - Witten invaraints and their descendents 
and the construction of the Witten's generating function (physicists call it free energy 
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of the two-dimensional CP^ topological sigma model). Denote 0i = 1 G H^{CP^), 
(j)2 = 00 & H^{CP^) the basis in the cohomology space H*{CP^). The 2-form uo is 
assumed to be normalized by the condition 




The free energy of the CP topological sigma-model is a function of infinite number 

of coupling parameters 

and of e defined by the following genus expansion form: 

^(t;e) = 5^e^^-^^,(t). (5.1) 

The parameter e is called here the string coupling constant, and the function J-'g = J-'g{t) 
is called the genus g free energy which is given by 

•^^ = E • • • --rpj^l^aj),, (5.2) 

fit. 

where Tp{(f)a) are the gravitational descendent of the primary fields (j)a, t"'^ is the 
corresponding coupling constants , and the rational numbers (rp^(0aj . . .Tp^(0a„J)g 
are given by the following intersection numbers on the moduli spaces of CP^- valued 
stable curves of genus g: 

{TpAM ■ ■■rpMaJ)g = / evt0„,AV^f A. . .Aev;,0„„AC"- (5.3) 

Here Mg^miCP^ , /?) is the moduli space of stable curves of genus g with m markings of 
the given degree /? G H2{CP^; Z), evj is the evaluation map 

eyr.M9,m{CP\f3)^CP' 

corresponding to the i-th marking, ipi is the first Chern class of the tautological line 
bundle over the moduli space corresponding to the i-th marking. According to the divi- 
sor axiom [221 the dependence of the Gromov - Witten potential on the indeterminate 
q appears only through the combination g e* ' . We will therefore omit the dependence 
on q in the formulae. 

Let us clarify the relationship between our theory of Virasoro symmetries of the 
extended Toda hierarchy and the Virasoro conjecture of T.Eguchi, K.Hori, and C- 
S.Xiong [121 Uni extended by S.Katz. Denote 

the partition function of the CP^ topological sigma-model. Here J-'{t; e) is the gener- 
ating function of the CP^ Gromov - Witten invariants and their descendents defined 
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above. According to the results of A.Givental jl9[ 120] this partition function satisfies 
the following infinite sequence of linear Virasoro constraints 



LmZcp^ = (m + 1)! 



d d 



Zcpi, m>0 (5.4) 



where 



m+l 



m+l ^ 

Here Lm are just the Virasoro operators defined in ()1.28p . For the particular case of 
CP^ ()5.4|) coincide with the Virasoro constraints conjectured in J2]- However, in their 
papers Eguchi, Hori and Xiong formulated a somewhat more bold conjecture that says 
that all g > 1 Gromov - Witten invariants and their descendents of a smooth projective 
variety can be uniquely determined by solving recursively the linear system of Virasoro 
constraints. Although this conjecture seems to be too nice to be true in general (Calabi 
- Yau manifolds give counterexamples to uniqueness, see in certain cases it can be 
justified. 

Let us give our version of the Eguchi - Hori - Xiong Virasoro constraints programme 
adapted to computing Gromov - Witten invariants of CP^. 

Step 1. Computation of the genus zero Gromov - Witten potential J-'oi't)- This 
can be done in terms of the Frobenius manifold Mxoda as in [SI E] • For the reader's 
convenience we recall the algorithm of computation of J^o(t) in the Appendix below. 
Introduce functions 

vq = Voit) 



uo = Uo{t) :-- 



We will denote u'q, v'q, Uq, Vq etc. the derivatives of these functions along 

Step 2. Eguchi - Hori - Xiong {3g — 2)-ansatz for the higher genus corrections. 
Look for the g > 1 terms in the genus expansion ()5.1|) in the form 

J^g{t) = Fg{vo{t),uo{t),v',{t),u',{t),...,vi^'-'\t),ul^'-'\t)), g>l. (5.5) 

The ansatz ()5.5|1 was proved by E.Getzler in ^H]- In the setup of our theory [2] 
of integrable systems the {3g — 2)-ansatz is a consequence of a deep result about 
quasitriviality of tau-symmetric deformations of Poisson pencils. 

Step 3. Virasoro Conjecture. 

Part 1. The series ()5.H1 where J^o(t) is the genus zero Gromov - Witten potential and 
the terms of positive genera have the form ()5.5|) satisfies the Virasoro constraints ()5.4|) . 
(Clearly the {3g — 2)-ansatz is of no importance so far.) 
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Part 2. The degree 2g — 2 homogeneous functions Fg on the {3g — 2) jet space of Mxoda 
for all (? > 1 are uniquely determined from the Virasoro constraints ()5.4j) by solving 
recursively systems of linear equations. 

Part 1 of the Virasoro Conjecture was proved by A.Givental PHIEHI- Part 2 was 
proved in much more general framework of an arbitrary semisimple Frobenius manifold 
in p. Combining these results we arrive at 

Theorem 5.1 1. The partition function Zc pi [t; e) of the C topological sigma-model 
is uniquely determined by the Virasoro Conjecture equations. 

2. It coincides with the tau function Tcp^ of a particular solution to the extended Toda 
hierarchy / li.jjj) 

^cpi(t;e) = rc.pi(t;e) (5.6) 

specified by the following choice of the shift parameters c°'^(e) and the initial point v, 
u: 

c"'P(e) = 5'^5{, v = u = Q. (5.7) 



The choice f)5.7p selects the solution satisfying the string equation 

Qta,p-l ^ ^2 ^^1.0 



p>l 



Sketch of the proof. As it was shown in pj, from validity of the Virasoro con- 
straints for the sum AjF of all g > 1 corrections to the Gromov - Witten potential 
represented via {3g — 2)-ansatz 

:= J2 ^"'Fg{v, u- v^, u^,..., ^;(3.-2), ^(3.-2)^ 
it follows the following loop equation 



r>0 



r>l k=l 



D-V (4e" + (i;-A)2) 



2 



f d'AT , dAT dAT\ ^,^,v-)^^^,v - \ 



\Qy(k)Qr^{l) + Qy{k) g^il) j 



D VD 



( d-'AT , dATdAT\ 1 .,+1 1 
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where 



k ^ 

gA^ 4 - A) t;- -[(.;- A)^ + 4 e"] 1 

5mW " L>3 J 



(5.9) 



Here A is an arbitrary complex parameter. Expanding the loop equation near A = oo 
reproduces the Virasoro constraints for AjF. The proof of existence and uniqueness of 
the solution to this equation is based on expanding the loop equation near zeroes 

u± = v± 2e"/2 

of D (these are the canonical coordinates on the Frobenius manifold MToda)- The 
uniqueness of solution to the loop equation proves first part of the Theorem. 

To prove the second part we use the following arguments. From 01 ^1 El 
already know that 

rM(t) :=^o(t) 

is the tau function of the dispersionless extended Toda hierarchy. This solution is 
specified by the shift parameters and the leading term ()5.7p . 

The transformation 

logr™ h^logr™ + AJ^=: e^logr (5.10) 

maps dispersionless tau functions to tau functions of the full hierarchy associated with 
the semisimple Frobenius manifold Mxoda- The full hierarchy is uniquely determined, 
for the given semisimple Frobenius manifold by the following properties: 

- bihamiltonian structure satisfying certain nondegeneracy conditions; 

- tau symmetry that provides existence of a tau function for a generic solution; 

- invariance with respect to the linear action of the Virasoro operators L^, m > —1 
onto the tau functions. 

As we explained in the Introduction, the first two properties are met by the ex- 
tended Toda hierarchy due to results of PP. The last property of Virasoro invariance is 
established in the present paper. This implies that the full hierarchy associated with 
the Frobenius manifold Mxoda coincides with the extended Toda hierarchy. Therefore 
the transformation ()5.10p maps the tau function r'^l of an arbitrary solution fo the 
dispersionless hierarchy to the tau function r of a solution of the full extended Toda 
hierarchy. Taking rt^l = JFq one obtains r = Zcp^- The Theorem is proved. □ 

Clearly the Theorem covers Corollaries 11.21 and 11.31 formulated in the Introduction. 
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To illustrate the algorithm of computation of the genus expansion ()5.H1 for CP^ let 
us write it down the first two terms of the expansion. The formulae become simpler 
when written in the canonical coordinates 



Genus 1: 



Genus 2: 



"0 

M± = f ± 2e 2 . 



7^ 1 , , , 1 , M I — 
Fi = — log u,u log . 

24 ^ + " 12 ^ 4 



4ul^ {u+ - u_) Au"J {u+ - uJ) u'[ u'L 



//3 



242^2 



I 4 



4 m 



/ 3 



2 + ~ 5 +^ ^ 



/ 4 



4 u'j^ n'_ 



+ 



1 7 

- u" u' + - u'" (u+ - M_ 

2 " + 5 + 



Au' 



33 „ 2 9 , 1 „ jy 

U, U,U H U,U + U, Ml 

10 + 10 + " 10 + " + ^ ^ 



U- 



1 



1 (\1 



33 „ 2 9 I \ II I, IV f \ 

U U M , H M, M —U (U+ — U-) 

10 " 10 " + 10 + " " ^ + ^ 



4Mi 



1 



Mj 
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Remark 1. In ^H]! Getzler proved that, under the assumption of the recursion relation 
()4.43|) . validity of the Virasoro constraints for rcpi is equivalent to ()4.42|1 . In his proof a 
recursion relation of the form ()4.47j) was used. The recursion ()4.43|1 for rppi was proved 
in 1211 subspace {t^'^ = 0, A; > 1} of the large phase space of all couplings. Using 

this result Getzler also proved ()4.42|) and ()4.43|) under the assumption of the Virasoro 
constraints for rcpi. He did not consider connections between recursion relations and 
Virasoro constraints for other solutions to the extended Toda hierarchy. Our Corollary 
ll.3l shows that the recursion relations (j4.42j) . (j4.43|) for Tcp^ follow directly from validity 
of the Virasoro constraints. 

Remark 2. In jSHI A. Okounkov and R. Pandharipande proved that the Gromov - 
Witten potential of the equivariant GW invariants of CP^ and their descendents is the 
logarithm of the tau function of the 2D Toda hierarchy of K. Ueno and K. Takasaki 
j2Z]. The tau function of [23] depends on an additional small parameter t. The non- 
equivariant limit corresponds to t — 0. It would be interesting to derive the Lax 
representation of the extended Toda lattice by applying a suitable limiting procedure 
to that of the 2D Toda hierarchy of [2Zj. An interesting construction, due to Getzler 
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[T7] of a nontrivial reduction of the 2D Toda hierarchy depending on the parameter t 
(it was called equivariant Toda lattice) could give a clue to such a limiting procedure. 
We plan to study the relationships between 2D and extended Toda hierarchies in a 
subsequent publication. 



Appendix: Genus zero Gromov - Witten potential of 

CP\ 

To compute the genus zero Gromov - Witten potential J-'oi't) according to the general 
scheme of jHlll] one is to perform the following computations (cf. [9 ). 

1. Compute the functions Oa,p{v, u) as the coefficients of expansion of the following 
series 

p>0 

= -2^'" [KQi^ze^'") + (log;2 + 7)/o(22e^")) 

= -2e^^ - + ^{m + l))e™"^, (A.12) 

92{v,u;z) = '^92,p{v,u)i 

p>0 

= z-^e'" Io(2ze^'') - z-^ = z'^ [ Ve™"+"^-^-l ) . (A.13) 



m>0 

^ ,zP 

p>0 

2 m 



Km>0 



Here 7 denotes Euler's constant, ip{z) stands for the digamma function, -^'0(2;) and 
/o(x) are modified Bessel functions. 

2. Compute the functions ^a]p;f3,qi'^j ^) coefficients of the following generating 

series 

dOaiv, u; z) dOpiy, u; w) d9a{v, u; z) dOpiy, u; w) 



p,q>o 



dv du du dv 

(A.14) 

3. Define the functions f (t), u{t) as the unique solution of the system 



du 
dv 



having the expansion 

v{t) = ti'O + o{t) 
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4. The genus zero Gromov - Witten potential of CP^ is given by 



(A.16) 



Here 



t''' - 1, 



a — 1, p — 1 
otherwise. 



(A.17) 



Let us write first few terms of the expansion of the resulting genus zero Gromov 
Witten potential. For simplicity we denote 



t 



1,P 



t 



2,P 



p>0. 



The potential is expanded in powers of tp, Sp and in e''". The powers of the exponential 
separate the intersection numbers on the moduli spaces Mo,m(C'-P^, /?) for different /?. 
Thus, the terms without exponential correspond to /3 = etc. In our expansion we 
collect the intersection mimbcrs up to degree (3 = 3 and up to m < 4 punctures. We 
also restrict the potential onto the subspacc of couplings i"'^ with p < 3. The maximal 
number of descendents is restricted to three. 
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+2*2 ^3 51 -2 
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